4 Multivariate Distributions

4.1 Introduction

Experimenters will often measure more than one quantity, and are often interested in the
distribution of all observed quantities. As as example, a naturalist measures the height and
weight of chimpanzees. They might be interested in the distribution of height-weight pairs.
Since the distribution involves two quantities, we call it a bivariate distribution. One ques-
tion might be whether or not these two quantities are independent. (We suspect they are
not, since a reasonable assumption is that taller chimpanzees tend to weigh more.)

Another important application of multivariate distributions is statistical sampling. Suppose
Y1, Y, ..., Y, are n successive trials of an experiment. Statisticians are interested in the
distribution of (Y7, Y5, ...,Y,), and can use information about this distribution to infer char-
acteristics of the experiment or the population from which the experiment sampled.

In this section, we will primarily be interested in bivariate distributions, the probability
distribution of two random variables. As before, we start with the discrete case and then
consider the continuous case.

4.2 Distribution of Two Discrete Random Variables

First, let’s define the joint probability distribution for a pair of discrete random variables.

Joint probability distribution, discrete case

Let Y7 and Y5 be two discrete random variables. Then the joint distribution of Y, and
Y5 is given by the function of two variables:

P(Z/h 92) = P<Y1 =1, Yo = ?/2) for all possible pairs (3/17 y2)

Sometimes this is called the joint probability mass function (joint pmf). Note that P(Y; =
y1, Yo = yo) means P(Y] = y; N Yy = yo). This is standard notation for expressing the
joint probability of two random variables.

We have already encountered one example of a bivariate distribution. Recall the distribution
of the rolls of two standard, six-sided dice which we discussed several times in the section on
discrete random variables. Let X; be the roll of the first die and X, the roll of the second
die. Then since we have a discrete uniform distribution, the joint distribution of X; and X5
is given by:
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Just as in the case for a single discrete random variable, for a joint distribution of two discrete
random variable, all the possible probabilities are nonnegative and they sum to 1.

p(ﬂfl,lﬂg) = T1,T2 = 17273747576



Let Y7 and Y; be discrete random variables with joint probability distribution p(y1, y2).
Then

0 <p(yi,y2) <1 forall y;,y»

> pyye) =1

all (y1,y2

where the sum is taken over all possible pairs (y1, ys).

Just as in the case of a single discrete random variable, we can construct a valid joint prob-
ability distribution of two discrete random variables by assigning probabilities that add up
to 1. Let Y] be a discrete random variable with m possible output values, and Y5 a discrete
random variable with n possible output values. Then there are mn possible joint outputs of
the pair of random variables. Each of the outputs is an ordered pair of the form (y1,ys2). If
we make an mxn table and assign probabilities to each of the mn possible joint outputs so
they add up to 1, we have constructed a joint probability distribution for the two discrete
random variables Y; and Y5.

Let’s consider an example.

Example. Imagine we surveyed Brown undergraduates and asked them two questions.
1. Do you have an exam this week?
2. How many cups of coffee have you drunk today?

Let X; be the discrete random variable with values {yes, no} indicating whether or not a
student has an exam this week. Let X5 be the number of cups of coffee a student has drunk
today. For simplicity, we will let X5 take only the values {0, 1, 2} (Whether or not this is a
realistic simplification is beyond the scope of this course!)

We can display the joint probability distribution for the pair (X3, X5) in a 2 x 3 table. There
are 6 possible values for the pair (z1,x2). We can choose any probabilities for the six pairs
as long as they sum to 1. One possible choice is shown in the table below.

Xo
0 1 2
yes [ 2/20 3/20 3/20
X, |no |6/20 4/20 2/20

You can verify that the six probabilities do indeed sum to 1.



4.2.1 Marginal distribution

Consider again a joint distribution (Y3,Y5) of two discrete random variables with pmf
p(y1,y2). (You can think of the exam-coffee example above). Y; and Y3 are themselves
discrete random variables. What are their distributions?

Suppose we wish to find the distribution for Y; by itself. We call this the marginal distribution
of 7. Essentially what we want to do is take Y5 out of the picture entirely. How do we do
that? All we have to do is sum over all the possible values of Y3! The probability that
Y1 = wyp is the sum of p(yi,ys) over all possible values yo that Y, can take; this is the
marginal distribution of Y7, and is written p;(y;). Similarly, we can sum over all possible
values Y] to get pa(y2), the marginal distribution of Y. This is summarized below.

Marginal distribution, discrete random variables

Let Y7 and Y; be discrete random variables with joint probability distribution p(y1, y2).
Then the marginal distribution of Y; is given by:

pi(y) = Y (v, v0)

all yo

and the marginal distribution of Y5 is given by.

p2(12) = Z (Y1, y2)

all y1

In both cases, we just sum the joint distribution over all the possibilities of the other
random variable.

Let’s return to our example above.

Example. In the exam-coffee example above, compute the marginal distributions for X;
and Xs.

To find the marginal distributions for each variable, we sum over all the possibilities of the
other variable. If the joint distribution is presented in a two-dimensional table, this is easy.
To find the marginal distribution of X5, we sum the values in each column. The bottom
row, which we will label “total”; is the marginal distribution of X5. Similarly, we can find
the marginal distribution for X; by summing each row. The rightmost column, also labeled
“total”, is the marginal distribution for Xs. In fact, the marginal distribution is called
“marginal” because its values lie in the margins of the joint distribution table.

Xo
0 1 2 total
yes |2/20 3/20 3/20 | 8/20
X, |no | 6/20 4/20 2/20 | 12/20
total 8/20 7/20 5/20




You can check that the two marginal distributions sum to 1 and are thus valid probability
distributions for discrete random variables.

4.2.2 Conditional distribution

Suppose again we have a joint distribution (Y;,Y2) of two discrete random variables with
joint pmf p(y1,y2). Another question we might ask is what is the distribution of Y; given
that Y5 = 9. In other words, what is the conditional distribution of Y; given that Y, takes
a specific value.

Let’s look once more a the exam-coffee example to see how we can do this.

Example. In the exam-coffee example above,what is the distribution of the number of cups
of coffee drunk today (X3) given that a student has a midterm this week (X; = yes)?

To do this, we look at the first row of the table, which corresponds to X; = yes. This is
not a valid probability mass function, because the elements do not sum to 1. But we can
fix that! All we have to do is divide by the marginal probability p;(yes) = P(X; = yes),
which is conveniently located just to the right in the “total” column. If we do that, we
get the conditional probability for X, given X; = yes, which we can write as p(ys|yes) or

p(y2|Y1 = yes):

y  p(y|midterm)
0 2/8
1 3/8
2 3/8

Now that we have seen an example, we will give the formal definition of the conditional
distribution of two discrete random variables.

Conditional distribution, discrete random variables

Let Y7 and Y; be discrete random variables with joint probability distribution p(y1, y2).
Let ps(y2) be the marginal distribution of Y3. Then the conditional distribution of Y}
given Yy = yo is:

PYi=y,Yo=12) _ p(y1,9)
p(y1ly2) (Y1 =w|Ya = y2) P(Ys = ) 2 (1)
where pa(y2) > 0. In words, the conditional distribution is the joint distribution divided
by the marginal distribution. We can similarly define the conditional distribution of Y5
given Y; = y;.




4.2.3 Independence

The final question to settle is independence. Roughly speaking, two random variables are
independent of if the probabilities of each one are not affected by the value of the other one.
The following will serve as our definition for independence of two discrete random variables.

Independence of discrete random variables

Let Y7 and Y3 be discrete random variables with joint probability distribution p(y1, y2).
Let p1(y1) and p2(y2) be the marginal distributions of Y; and Y;. Then Y; and Y5 are
independent if

p(yb yz) =D (yl)pz(yz) for all Y1, Y2

In other words, two random variables are independent if their joint distribution is the
product of the two marginal distributions.

In the exam-coffee example above, using just about any pair of y; and s, we can show that
Y; and Y5 and not independent. Did we really expect them to be independent?

4.3 Distribution of Two Discrete Continuous Variables

We will essentially repeat the same discussion for a pair of continuous random variables. Since
working with continuous random variables requires integration, this will require integration
in two dimensions, i.e. multivariable calculus. Since it is likely that many of you have not
taken multivariable calculus, all multivariable techniques will be taught as they are needed.

4.3.1 Joint Probability Density

Recall that in the discrete case, a probability distribution was described by a probability
density function (pdf). For the joint distribution of two continuous random variable, we have
a joint density function, which is the continuous analogue of the joint distribution function
in the discrete case.

Joint probability density, continuous case

Let Y] and Y5 be two continuous random variables. Then the joint density of Y, and Y5
is a function of two variables f(y,y2) with the properties that:

1. f(y1,y2) > 1 for all yi, ys.

/ / Ty, y2)dyrdys =1




In other words, f(yi,y2) is nonnegative and integrates to 1.

In the bivariate case, instead of finding the probability that a single variable lies in an interval
la, b], we find the probability that a pair of random variables lies within a region of the plane.
To do this, we integrate the joint density over that region.

Probability of an event, continuous bivariate case

Let Y; and Y3 be two continuous random variables with joint density f(y1,y2). Let A be
a region of the plane. Then

P((V;,Ya) € A) = / / £ (91, o) dyr g

This notation may not be precise. Don’t worry about it for now, we will do plenty of exam-
ples. Just remember the key idea: to find the probability that a pair of random variables lie
in a region, integrate the joint density over that region.

The extra complication here is the double integral. Whereas a single integral is defined on
a closed interval, a double integral is defined on a two-dimensional region of the plane. The
key to success for any double integral problem is to draw the region of integration before
doing anything else. Since this is so important, I will repeat it: always draw the region of
integration!

We will learn how to handle this through a series of examples. We will keep coming back to
this first example throughout this section.

Example. Let X and Y be random variables with joint distribution function f(z,y) given

by:
B key 0<y<z<l1
fw,y) = {O otherwise

1. Find the value of k such that f(z,y) is a valid joint probability density function.

As defined above (and similar to the one-dimensional case), for a joint probability
density function to be valid, its integral must be 1 over the region of integration, i.e.

[ [ e dy =1

The bounds of the density function are the following: y > 0,y < z, and x < 1. This
describes the triangular region illustrated below.



Whenever we have a double integral, we have two choices when we do our integration.
We can integrate in = direction first, or we can integrate in the y direction first. Both
ways give the same answer, but sometimes one is easier than the other. We will show
both of them here.

Let’s start by integrating in the y direction first.

1.0 1. Integrate in the y direction first; y goes

r from the line y = 0 to the line y = x. You can _~
think of this as integrating vertical “slices” A
0.8 of the region, represented by the arrows. 4
A
0.6
A
0.4[ A
A
0.2[ i
1 1 1 1 X
0 0.2 0.4 0.6 0.8 1.0
>

2. Integrate in the x direction next; x goes from 0 to 1. You can
think of this as “summing” the slices you made in the first step,
following this bottom arrow.

Following the directions on the picture above, we integrate y first; y goes from 0 to
the diagonal line y = z, so those are the limits for the integral with respect to y (inner
integral). Note that the upper limit is a function of z. Each integral in y is a vertical
“slice” of our region. Then we integrate with respect to x. Imagining this as stacking
our vertical slices side-by-side in the horizontal direction, x goes from 0 to 1, so those
are the limits for the integral with respect to = (outer integral). Putting this together,



we have:

Multiplying by 8 gives us k = 8.

Let’s do the integral the other way and verify to see if we get the same result. This
time we integrate in the = direction first.

y
1. Integrate in the x direction first; x goes

1.0 from the line x = y to the line x = 7. You can
think of this as integrating horizontal “slices”
0.8 of the region, represented by the arrows. 2. Integrate in the y
[ > direction next; y
goes from 0 to 1.
0.6 You can think of
y=x > this as “summing”
the slices you
041 > made in the first
step, following this
0.2[ . arrow on the right.
1 X
0 0.2 0.4 0.6 0.8 1.0

Once again following the directions on the picture above, we integrate x first; x starts
at the diagonal line y = = and goes to x = 1. The diagonal line has the equation y = z,
which we solve for x to get x = y. Thus the lower limit is the function x = y. The
upper limit is 1, so the limits of the integral with respect to x (inner integral) are y
and 1. Each integral in x is a horizontal “slice” of our region. Then we integrate with
respect to y. Imagining this as stacking our horizontal slices one on top of the other in
the vertical direction, y goes from 0 to 1, so those are the limits for the integral with



respect to y (outer integral). Putting this together, we have:
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We get the same answer! Which one was easier?

1

0

N NI N

2o S,

k
8

N

. Find P(X <0.6NY > 0.2).

Here we are finding the probability that the pair (X,Y) falls in a specific region of the
plane. The first step (as always) is to draw the region.

1.0
0.8[
0.6 X<06andY>0.2 .
1
i
0.4 !
|
I
I
0.2 _____ o ______ -
1
1
1
1
. . L . X
0.2 0.4 0.6 0.8 1.0

From this picture, we get the limits of integration. Let’s integrate in the y direction
first. Recall that we found that k = 8above. This gives us the integral:

0.6 T
P(X <06NY >0.2) = / / 8xy dydx
0.2 Joz2

This integral can be evaluated like the one above. The most important thing to know
is how to set the problem up with the correct limits, but for completeness we will do



the computation below.

P(X <0.6NY > 0.2

x

dx

0.2

) =
=8

0.6 T
/ / S8xy dydx
02 Jo.2
/0.6 y2
g’/‘_
02 2

0.6
= 4/ (2% — 0.047)dx
0

2

zt z?
=4 ——0.04—
( 4 2 ) 0.2

= (0.6* — 0.2*) — 0.08 (0.6* — 0.2%)
= 0.1024

0.6

We could also have integrated in the x direction first.

4.3.2 Marginal Distribution

Consider a joint distribution (Y7, Y3) of two continuous random variables with joint density
f(y1,y2). Y1 and Y, are themselves continuous random variables, and their distributions are
called the marginal distributions of Yy and Y;. The probability densities of ¥} and Y, are
the marginal densities of Y and Y5.

How do we find the marginal densities? Recall that for the discrete case, we summed over the
other variable, e.g. to find the marginal density of Y;, we summed the joint distribution over
all the values Y5 can take. Here we do the exact same thing, except we replace summation
with integration. To get the marginal density of Y7, we integrate the joint density f(y1,y2)
over yp. The marginal density of Y} is written fi(y1), and is a function of y; alone. (If after
the integration you still have terms involving y,, something went wrong.) Similarly, we can
find the marginal density of Y5.

Marginal density, continuous random variables

Let Y] and Y, be continuous random variables with joint density f(yi,y2). Then the
marginal density of Y] is given by:

filyr) Z/f(yl,m)dya

and the marginal density of Y5 is given by.

f2(?/2) = /f(?/l,y2)dy1

In both cases, we integrate the joint density over the other random variable to remove
it from the picture entirely. Sometimes we call this “integrating out” the other random
variable.

10



Let’s return to the first example from the joint density section.

Example. Let X and Y be random variables with joint distribution function f(z,y) given

by:
Sry 0<y<z<I1
x? = .
J(x.y) {0 otherwise

1. Find the marginal densities for X and Y.

Since our random variable are X and Y, we will denote the two marginal densities
by fx(x) and fy(y). First, we find the marginal density for X by integrating over y.
Since we are integrating only in a single variable, there is only one choice for limits.
Refer back to the picture of the region above. To integrate in y, we start at y = 0 and
integrate until we reach the line y = 2. Thus the limits of integration are 0 and .

With Y out of the picture, the random variable X is free to take values from 0 to 1.
(The marginal distribution is one-dimensional, so there are no pesky regions to deal
with!) The above expression for the marginal density is only valid for 0 < z < 1.
Outside that range, the marginal density is 0. Thus we write the marginal density

fx(x) as:

fx(z) =

422 0<z <1

0 otherwise
It is important that we write the marginal density in this way so that we know that
the X is 0 outside [0, 1]. Since the marginal density is a valid probability density, you
can check that it does in fact integrate to 1. Also note that the marginal density for
X is a function of x alone; y does not appear anywhere since we integrated it out!

Now we find the marginal density for Y by integrating over x. The limits for z are
x =0 and z = y. (See the picture of the region above if this is not clear.)




With X out of the picture, the random variable Y can take values from 0 to 1, so we
write the marginal density of YV as

foly) = {4y(1—y2) 0<y<1

0 otherwise

. Find the expected values for X and Y.

How do we find the expected values of X and Y. We use the marginal densities and
do the same thing we do every night, Pinky - try to take over the world! The marginal
densities are just standard probability densities for continuous random variables; thus
we find the expected values of X and Y using the marginal densities and the formula
for the expected value of a continuous random variable.

E(X) = /00 fx(x)dx
B(Y) = [ fr(w)dy

First we find the expected value for X. Notice that the limits of integration become 0
and 1, since that is the region where the marginal density is nonzero.

E(X) = / e (n)da

o0

= /01 xfx(x)dx

1
:/ x 4x3dx
0
1
:4/ 2rdx
0

=4/5
Similarly, we find the expected value of Y.

E(Y) = / N yfy(y)dy

o0

Z/Olyfy(y) dy
=/01y4y(1—y2)dfv

= /01(y2 —y')da



4.3.3 Conditional Distribution

Just as in the discrete case, we can talk about conditional distributions. In the continu-
ous case, we will have a continuous density function. Suppose we have a joint distribution
(Y1,Y5) of two continuous random variables with conditional density f(y;,y2). We might
be interested in the distribution of Y; given that Y5 = 5. Since Y; is a continuous random
variable, we will express this as a conditional probability density.

Conditional distribution, continuous random variables

Let Y7 and Y, be continuous random variables with joint probability density f(y1,y2).
Let f5(y2) be the marginal density of Y5. Then the conditional density of Y] given Y5 = ys

is:
f(y1,92)

fa(y2)

where fa(y2) > 0. As in the discrete case, the conditional density is the joint density

divided by the marginal density. We can similarly define the conditional density of Y5

given Y; = ;.

fQnly) =

Note that the conditional density can (and often will) depend on the value of the random
variable we are conditioning on. For example, f(y;|y2) may depend on the value ys. Further-
more, the range of values y; can take may also depend on y (we will see this in the example
below). Contrast this to the marginal density, where we eliminate the other random variable
entirely.

Once again, let’s return to our example.

Example. Let X and Y be random variables with joint distribution function f(z,y) given
by:

£ ) Sry 0<y<z<l1
x? = .
Y 0 otherwise

1. Find the conditional density of X given ¥ = y.

To find the conditional density f(x|y), we divide the joint density f(z,y) by the
marginal density fy(y). We found the marginal density above, so we have:

[z, y) 8xy 22

frly) Ayl —y?) 1-y
Note that this density does in fact depend on the value of y we are conditioning on.
However, we are not done. The bounds on the conditional density are important and
must be specified. Referring back to the picture of the region, we note that if Y =y,

13



then X can only range from the diagonal line y = x to 1, i.e. X must be between y
and 1. Thus the conditional density of X given Y = y is given by:

2
flaly) = 4T V=TS
0 otherwise

. Find the conditional density of Y given X = x.

Again, we divide the joint density by the marginal density, where we computed the
marginal density fx(x) above.

_floy) 8wy 2y
f(y\x) - fX(x) - 43 - 2

As with the other conditional density, this depends on x. The bounds of the conditional
density will also depend on z. Looking at the picture of the region, if X = z, then y
can only range from 0 to the diagonal line y = z, i.e. Y must be between 0 and =x.
Thus the conditional density is:

I o<y<uz
T)=+<7% -
J (ko) {O otherwise

. Find the expected value of X given Y = y.

A conditional density is just a probability density of a continuous random variable, so
we can find its expected value using the standard formula for the expected value of a
continuous random variable.

MY—y—/ x f(zy)dz

o0

2 3
1—y2§y
201 —y?)
31—y

Note that we used the bounds on the conditional density in the second line above.
Unsurprisingly, this depends on y.

14



4.3.4 Independence

We have a similar definition for independence in the case of continuous random variables.

Independence of continuous random variables

Let Y; and Y5 be continuous random variables with joint density f(y1,v2). Let fi(y1)
and fo(y2) be the marginal densities of Y} and Y3. Then Y] and Y5 are independent if

fy1,y2) = filyr) fa(y2) for all yi,ya

In other words, two continuous random variables are independent if their joint density
is the product of the two marginal densities.

In the example we have been looking at for the past three sections, the joint density is not
the product of the marginal densities, so X and Y are not independent.

4.3.5 Another Example

Bivariate densities are important enough that we will provide more examples problems in-
volving them.

Example. Let X and Y be random variables with joint distribution function f(z,y) given

by:
cv 0<zr<y<l1
f(af,y)Z{

0  otherwise

1. Find the value of ¢ such that f(z,y) is a valid joint probability density function.

The first step is always to draw the region.

y
1.0

0.6
0.4

0.2

15



To find the value of ¢, we integrate the joint density over the region and set the result
equal to 1. We will integrate in the z direction first since there’s already an x in the
integrand and integrating in the x direction first allows both lower limits to be 0 (the
other choice would work fine too):

= —| d
C/O 2 oy
1.2
Y
=c —dy

0 2
_93‘1
= c—
6 lo
_¢
6

Thus we find that ¢ = 6 for this to be a valid joint probability density function.
. Find the marginal densities for X and Y.
To do this, we integrate out each random variable in turn. Be careful to get the correct

limits of integration (refer back to the picture of the region early and often.) For the
marginal density of X we first integrate out y.

Fx(@) = / Gy

1
= 6zy

= 6z(1 — 2)

With Y removed from the picture, X can freely range from 0 to 1, so the marginal
density of X is:

6x(l—2z) 0<z<1
:E =
fx(x) {O otherwise

For the marginal density of Y, we first integrate out x:

fr(y) = /Oy 6xdx

:3x2y

0

et 3y2

16



Then, with X removed from the picture, Y can freely range from 0 to 1, so the marginal
density of Y is:

0 otherwise

2
fy(y>={3y 0sy=1l

It is important that you give the correct bounds for the marginal densities.

3. What is the expected value of X7

To find E(X), we use the formula for expected value of a continuous random variable
with the marginal density for X.

E(X) = /OO fx(z)dz
1 z6z(1 — x)dx

o

| |
a

|
8

w
~—
Y
8

N |

Similarly we can find the expected value of Y using the marginal density for Y.

4. What is the conditional density for X given Y = y?

To get the conditional density f(z|y), we first divide the joint density by the marginal
density of Y:
fy)  6r 2
fzly) =
(@) ) 32 2

What are the bounds on the conditional density? Refer back to the picture of the
region above. Given that Y = y, X can range from 0 to y, thus the conditional density
is:

2

— 0<x<y
flxly) = ¢ ¥

0 otherwise

5. What is the expected value of X given Y = y?

17



Here, we use the formula for the expected value of a continuous random variable with

the conditional density f(z|y).

E(X]Y =) = / " faly)dz

4.3.6 Joint Uniform Distribution

Here we will consider the bivariate uniform distribution.

v o2
= / x—fdx
o Y

y22
:/%dx
o Y
2231y
_3y2
_ 2y
3

0

Recall the for the continuous

uniform distribution, the probability of an interval is proportional to its length. For the
two-dimensional uniform distribution, the probability of a region is proportional to its area.

Let’s look at an example.

Example. Let X and Y have a joint uniform distribution on the equilateral right triangle

with sides of length 2.

(0,0

@2

2,0

1. What is the probability that the pair (X,Y") lies within the small square below (corners

(1, 1) and (2, 0))7

a1

@2

©,0)
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The small square is half the area of the right triangle, so since this is the uniform
distribution, the probability that (X,Y") lies within the small square is 1/2.

. What is the joint probability density of (X,Y)?

Recall that in the one-dimensional case, the uniform probability density is a constant.
If X ~ Uniform(a,b) then X has density f(z) = ﬁ This is just 1 divided by the
length of the interval. This extends to the two-dimensional case. For a joint uniform
distribution over a region, the joint uniform density is given by 1/A, where A is the
area of the region. Just as in the one dimensional case, the joint uniform density is

only defined on a region with finite area.

Since the area of the triangle is 2, the joint uniform density is f(x,y) = 1/2. But we
are not done! We need to specify the bounds of the uniform density, which will depend
on the geometry of the region. Outside the region, the uniform density must be 0.
Looking at the picture of the region above, we see that y > 0, y < z, and x < 2. Thus
the joint density is:

0<y<z<2

1
flz,y) =4 2
0 otherwise

. What are the marginal densities of X and Y?

To find these, we take the joint density and integrate out each variable in turn. As
always, we refer to the picture of the region to get the correct limits of integration. For
the marginal density of X we integrate over y:

1
fula) = [ iy
0
B 2y 0
_r
2
With the correct bounds, the marginal density of X is:
2 0<x<2
x) =142 -
fx(@) {0 otherwise

Why are these the correct bounds for the marginal density? For the marginal density
of Y we integrate over x:




With the correct bounds, the marginal density of Y is:

Ty 0<y<?2
p— 2 - -
Fr() { 0 otherwise

4.4 Expected value of a function of two random variables

Recall that in the one-dimensional case, we defined the expected value of a function g(y) of
a random variable Y to be:

Elg(Y)] = Z g9(y) p(y) Y is a discrete random variable with pmf p(y)
all y

Elg(Y)] = / g(y)f(y)dy Y is a continuous random variable with density f(y)

o0

The expected value of a function of two random variables is defined in the same way, except
we use the joint pmf or joint density.

Expected value of a function random variables

Let Y7 and Y5 be two discrete random variables with joint pmf p(y;,y2). Let g(y1,y2) be
a real-valued function of y; and ys. Then the expected value of g(Y;,Y3) is given by:

Elg(Y1,Y2)] = > > 9y, v2)p(u1, o)

all y; all ya

Let Y} and Y3 be two continuous random variables with joint density p(y;,y2). Let
9(y1,y2) be a real-valued function of y; and y,. Then the expected value of ¢g(Y;,Y3) is
given by:

Elg(Y1,Ys)] = /_OO /_OO 9(y1, y2) f (1, y2)dyrdyo

A very useful function of two random variables is the product of the two random variables,
ie. g(Y1,Ys) =Y Ys. We will meet this function again when we discuss covariance, so let’s
do an example of this using the same random variables X and Y we have used in the sections
on joint density, marginal, and conditional distributions.

Example. Let X and Y be random variables with joint distribution function f(x,y) given
by:

F@.y) Sry 0<y<z<l1
r,Yy) =
Y 0 otherwise

Find E(XY).
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We are looking for the expected value of the function g(XY) = XY. Using the density
f(z,y) and the definition of the expected value of a function of two random variables, we

have:
IE(XY):/_ /_ xyf(x,y)dedy

As above, we need to choose an order of integration. We will choose here to integrate in the
y direction first. Looking at the picture of region above to get the correct limits, we have:

E(XY) = /1 /x xy(8xy)dydx
/ / ydyds
[
o[

d
0 3
1
/ 22dx
0
T
6

8
3
8201
=35
8

X

4

We can use the definition of the expected value of a function of two random variables to
show that if two random variables are independent, the expected value of the product is the
product of the expected values.

Ezxpected value of the product of independent random variables

Let Y7 and Y5 be two independent random variables. Then
E(Y:Y2) = E(V)E(Y2)

An analagous result holds for the product of any number of independent random vari-
ables.

4.4.1 Covariance and Correlation

We have talked about independence of random variables several times. Heuristically, two
random variables are independent if their outcomes do not affect each other. Suppose we
have two random variables X and Y. There are two extreme cases to consider.

1. X and Y are independent, so they don’t affect each other at all. The classic example
of this is if X and Y are the result of two sequential coin flips.
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2. X and Y are completely dependent, i.e. the output of one random variable completely
determines the output of the other random variable. In this case, the two random
variables are functions of each other. An example would be if Y = 4X. In this case,
knowledge of output of either random variable gives you knowledge of the output of
the other random variable.

There is an entire spectrum between these two extremes. The covariance of two random
variables is a quantitative measure of the degree of dependence of two random variables. It
is defined as follows.

Covariance of two random variables

Let Y7 and Y5 be two random variables with expected values E(Y]) and E(Y2). Then the
covariance of Y) and Y; is defined by

Cov(Y1,Y2) = E[(Y1 — E(Y1))(Y2 — E(Y2))]

A larger absolute value of the covariance indicates a greater dependence between Y; and Y5.
Unfortunately, covariance is difficult to interpret since the value of the covariance depends
on the scale used to measure the random variables. To solve this problem, we standardize to
get what we call the correlation coefficient. When you read a scientific study which posits a
relationship between two variables, the strength of that relationship is usually given in terms
of the correlation coefficient.

Correlation coefficient

Let Y7 and Y5 be two random variables, and let their standard deviations be o7 and o5.
Then the correlation coefficient is denoted p, and is defined by:

Cov(V, Ys)
p _ - - 7

0102

The correlation coefficient is always between -1 and 1, ie. —1 < p <1.

How do we interpret the correlation coefficient?

1. If p > 0, then the two random variables are positively correlated, i.e. Y3 increases as Y]
increases. If p = 1, we have perfect correlation; Y5 and Y; are completely dependent,
and all points (Y7,Y3) fall on a straight line with positive slope.

2. If p < 0, then the two random variables are negatively correlated, i.e. Y decreases
as Y] increases. If p = 1, we again have perfect correlation; Yy and Y; are completely
dependent, and all points (Y7, Y5) fall on a straight line with negative slope.
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3. If p =0, then there is no correlation between the two random variables. It is impor-
tant to note that this does not necessarily imply that the two random variables are
independent.

Just like with the variance, the covariance is not generally computed directly. Instead, we
use the Magic Covariance Formula, which is analogous to the Magic Variance Formula.

Magic Covariance Formula

Let Y) and Y3 be two random variables with expected values E(Y;) and E(Y2). Then the
covariance of Y] and Y5 is given by

Cov(V1,Ys) = E(V,Yz) — E(Y1)E(Y2)

To verify this formula, we expand the product in the definition of covariance and use linearity
of expectation. Letting E(Y]) = iy and E(Y3) = po,

Cov(Y1,Ys) = E[(Y1 — p1)(Ya — p2)]

(Y — 1 Ys — oY1 + pra o)

(Y1Y2) — nE(Y2) — poE (Y1) + papia
(V1Y2) — prapia — piopin + pafiz
E(Y1Y2) M1t

Let’s use the Magic Covariance Formula to compute the covariance of the random variables
X and Y which we used as an example above for joint, marginal, and conditional densities.

I
H =2 &

Example. Let X and Y be random variables with joint distribution function f(z,y) given

by:
Sry 0<y<z<l1
f(w,y)Z{

0 otherwise

Find the covariance of X and Y.

In the section on marginal distributions of continuous random variables, we found that
E(X) = 4/5 and E(Y) = 8/15. In the section on the expected value of a function of two
random variables, we found that E(XY) = 4/9. Using the Magic Covariance Formula,

Cov(X,Y) = E(XY) — E(X)E(Y) = 4/9 — (4/5)(8/15) = 4/225

What happens if two random variables are independent?

Covariance of independent random variables

Let Y] and Y5 be two independent random variables. Then

Cov(Y1,Y2) =0
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To see this, we use the Magic Covariance Formula together with the result from above that
the expected value of a product of two independent random variables is the product of the
expected values.

Cov(¥i, Ya) = E(YiYa) — E(Y))E(Y3)
— E(V)E(Y2) — E(V))E(Y:) = 0

The converse, however, is not generally true (except in a few very special circumstances).
In other words, if the covariance of two random variables is 0, we cannot conclude that the
random variables are independent. You will have a homework problem about this.

The final result in this section concerns the variance of the sum of two random variables. Part
of result was stated earlier and was used to prove the variance of the binomial distribution.
The full result is below.

Variance of the sum of two random variables

Let Y; and Y5 be two random variables. Then
Var(Y1 +Y2) = Var(Yy) + Var(Ys) + 2Cou(Y1, Y2)
If Y7 and Y5 are independent, then
Var(Yy 4+ Y2) = Var(Yy) + Var(Ys)

We can extend the first result to the case of a sum of more than two random variables,
but the result is cumbersome. In the second case, however, the result extends easily. If
Y1,Ys, ..., Y, are independent random variables, then

Var(Yi+ Yo+ - +Y,) =Var(Yy) + Var(Yz) + -+« + Var(Yy)

To see this, we use the Magic Variance Formula and linearity of expectation:

Var(Yy + Ya) = E[(Y; + Y2)?] — [E(Y; + Y2))?
E(Y? +2V1Y, 4+ Y5) — [E(Y1) + E(Y2))?
(V) + 2E(V1Y2) + E(YY) — [E(Y1)]” — 2E(Y1)E(Y2) — [E(Y2))?
= (E(Y?) — [E(V1)]?) 4 (E(YS) — E(Y2)]?) + 2[E(Y1Y3) — E(Y1)E(Y2)]
Var(Y1) + Var(Ys) + 2Cov (Y1, Y3)

where in the last line we used both the Magic Variance Formula and the Magic Covariance
Formula. If Y] and Y5 are independent, the covariance is 0, so we get Var(Y; + Y3) =
Var(Yr) + Var(Ys).
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